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Abstract—We investigate a novel cross-layer optimization
problem for jointly performing dynamic spectrum management
(DSM) and periodic rate-scheduling in time. The large number
of carriers used in digital subscriber lines (DSL) makes DSM
a large-scale optimization problem for which dual optimization
is a commonly used method. The duality-gap which potentially
accompanies the dual optimization for non-convex problems is
typically assumed to be small enough to be neglected. Also,
previous theoretical results show a vanishing duality-gap as the
number of subcarriers approaches infinity.

We will bound the potential performance improvements that
can be achieved by the additional rate-scheduling procedure. This
bound is found to depend on the duality-gap in the physical
layer DSM problem. Furthermore, we will derive bounds on the
duality-gap of the two most important optimization problems
in DSL, namely the maximization of the weighted sum-rate
and the minimization of the weighted sum-power. These bounds
are derived for a finite number of subcarriers and are also
applicable to the respective problems in orthogonal frequency
division multiplex (OFDM) systems.

I. INTRODUCTION

In this paper we study the cross-layer problem of opti-
mizing the power spectrum in multi-carrier systems jointly
with the target-rate allocation in time. The goal of the latter
is interference avoidance for reducing the average power
consumption irrespective of the link congestion. Assuming the
channel is slowly varying, periodically repeated finite-length
rate-schedules can be precomputed together with the respective
optimal power spectrum allocation and only updated when
channel conditions change. Hence, this idea gives performance
improvements at lower implementation complexity compared
to optimal traffic-dependent cross-layer schedulers. While we
focus in our derivation on power allocation problems in digital
subscriber lines (DSL), also known as dynamic spectrum
management (DSM) problems, all results can be straightfor-
wardly applied to the respective orthogonal frequency division
multiplex (OFDM) problems [1].

While in [2] a heuristic approach was used to avoid in-
terference by joint DSM and user-allocation in time, in [3]
the decomposable structure of the mathematical program was
exploited to arrive at a layered algorithm structure, cf. also
the related interference network problem in [4]. However, in
[3] it was demonstrated by a practical simulation example

This work has been supported in parts by the Austrian Government and the
City of Vienna within the competence center program COMET.

that periodic scheduling yields negligible additional energy
savings compared to optimal DSM. Similarly, continuous
time-sharing of subcarriers among users has been used in
the OFDM literature as a convex relaxation of non-convex
resource allocation problems [5].

We will show that our rate-scheduling problem is equivalent
to a practical implementation of this approximation where
subcarriers are periodically allocated to users for a fraction of
the OFDM symbols. Furthermore, we will derive a duality-
gap-dependent bound on the energy savings by periodic
scheduling. Thereby we analytically explain the observations
in [3] on the practical potential of periodic scheduling and
simultaneously investigate the impact of the mentioned time-
sharing relaxation in [5]. Differently to previous work [1] we
will demonstrate the rarget-rate dependency of the duality-
gap in non-convex multi-carrier power allocation problems.
Furthermore, we derive bounds on this duality-gap in the
weighted sum-power minimization and weighted sum-rate
maximization problem, respectively, which in contrast to those
in [6], [7] are applicable for a finite number of subcarriers.

This paper is organized as follows. In Section II we in-
troduce the system model and the two considered DSM opti-
mization problems. Next we define and analyze the cross-layer
scheduling problem in Section III. The duality-gap in DSM
problems is then the topic of Section IV which concludes with
bounds thereof. After showing simulation results comparing
the different bounds in Section V, in Section VI we draw
conclusions from this work.

II. MODEL AND DSM PROBLEMS

A. System Model

We regard an interference-limited DSL scenario with U
subscriber lines, employing discrete multi-tone (DMT) modu-
lation and spectrum level coordination. We will assume perfect
duplexing, synchronization among modems, and access to the
magnitudes of all crosstalk couplings at least at the collocated
side. However, the extension of this work to the full duplex
case incorporating near-end crosstalk is straightforward. The C'
subcarriers can hence be modeled as orthogonal subchannels
and one obtains a far-end crosstalk limited system. In the
following users and subcarriers are identified by the sets
of indices Y = {1,...,U} and C = {1,...,C},
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respectively. Under Gaussian-noise approximation and two-
dimensional signal constellations the achievable rate per DMT-
symbol for user u € U on subcarrier ¢ € C is given by [8]

rd (pe) = log, <1 + s

1€U\u
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c_De G))
Hyipi + Ny

where p. = [p,...,pY]T and p* is the power spectral density
on subcarrier ¢ of user u. We denote the squared magnitudes
of the direct channel transfer coefficient of user u by H*,
and that of the cross-channel transfer coefficient from user ¢
to user u by H, respectively. We further utilize the SNR-
gap to capacity I' and write the total background noise power
spectral density on subcarrier ¢ and line u as N}

B. Physical Layer DSM Problems

We pose the multi-user DSM problem of minimizing the
weighted sum-power in DSL as

P*R) = mlnlmlze Z W, Z e (2a)
uel ceC
subject to Zrc (Pe) > Ry, Yu€el, (2b)
ceC
Pec S Qc, VC (S C, (ZC)
where p = [(p1)7,...,(pc)T]T and

Qc:{pc‘rg (pc)GBcuv OSPZLSﬁZL,VUGU} 3)

is the set of feasible PSD’s on subcarrier c. Therein BY C Z,
is the set of positive, discrete bit-allocations per subcarrier,
potentially additionally bounded by a restriction on the maxi-
mal number of bits that may be loaded on this subcarrier, and
we assume a spectral mask constraint p¥, Vu € U, ¢ € C. For
generality we include per-user weights w,,,u € U, restricted
to the open simplex w, > 0, > ., w, = 1, allowing us
to trace the boundary of the sum-power tradeoff curve or to
include higher-layer information [5]. Finally, R € RK are
the integer target-rates of all users in [bits/DMT-symbol]. The
total transmit energy f 'Y o, > .o Y, where f, denotes
the DMT-symbol frequency, is only a scaled version of our
objective and hence minimized by the optimum of (2).

One may regard (2) as complementary to the standard DSM
problem formulation for maximizing the weighted sum-rate,
which is given as

max1mlze Z Wy Z (4a)
ueU ceC

subject to ch < P Yu e U, (4b)
ceC
Pc € Q, Veel, (4¢)

where P™ ¢ RY denotes the maximum transmit power of
all users u € U. Both optimization problems (2) and (4) are
noncontinuous and nonconvex, at least when U and C are both
greater than one. A difference between them is however that
while the latter is always feasible, (2) does not necessarily
have a feasible solution.

In the remaining of this section we outline the partial
dual problems to primal problems (2) and (4). The gap in
objective value between primal and dual optimal solutions will
be bounded in Section IV, while in the next section it will be
used to bound the performance improvement by additionally
including periodic scheduling in our optimization. Dual relax-
ation, beside its algorithmic applications, has been applied for
the decomposition of various problems in communications, so
also for DSM [9] where constraints (2b) and (4b), respectively,
couple the per-carrier power allocations. The convex, partial
dual problem to (2) is given as

D*(R) = maximize ¢(A), 5)

A>0

where the concave dual function is defined as
g(\) = {ZLc(p07>‘)}a 6)
ceC

the partial Lagrangian is written as a sum of per-carrier
Lagrangians
— — T
(&

and A € RY are the Lagrange multipliers associated with the
relaxed coupling constraints (2b). Note that ¥ (p..) is a quasi-
convex function', giving the primal, per-carrier minimization
subproblems in (6) the interpretation of minimizing a sum of
quasi-convex functions. This, beside the bit-loading, can be
seen as the origin of the nonconvexity of this problem which
persists even in the continuous bit-loading case. The partial
dual problem to (4) can be constructed in a similar way as (5)
by relaxing the sum-power constraints (4b).

While in Problem (2) we have omitted per-user sum-power
constraints as in (4b), all forthcoming results and conclusions
hold also in the case where such additional constraints are
present. Dual Problem (5) would change as it would also in-
clude relaxation terms for these constraints in the objective and
the corresponding Lagrange multipliers as additional variables.
Also note that both primal problems can easily be adapted to
capture orthogonal allocation constraints typically considered
in the OFDM literature [1], [5]. This can be accomplished by
adding the constraint

pipl =0,Vi € U\ u,Yu €U, ®)

min
{p|p:€Q.,VceC}

e(Pes A

Z Wy Pe + A

ueU

).

in problems (2) and (4). Remarkably all of the following
derivations remain valid even in this case.

It is repeatedly assumed in literature that dual optimal DSM
algorithms reach near-optimal solutions. However, theoreti-
cally [11] there remains a possibly non-zero gap

(=P (R)-D"(R) 9
between the optimal cost P*(R)) of the primal problem (2) (or
(4)) and the optimal dual cost D*(R) to (5) (or the mentioned

I'This follows from quasi-convexity of the logarithm’s argument in (1) [10,
Ex. 3.32] and composition with the (nondecreasing) logarithm [10, Sec. 3.4.4].
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partial dual to (4)), respectively, due to the nonconvexity of
the constraints in (2) and (4), respectively. After discussing the
idea of periodic scheduling in the following section, in section
IV we will return to this topic and investigate bounds for (.

ITII. PERIODIC SCHEDULING

In Problem (2) the users’ target rates were fixed. In periodic
scheduling we aim for a finite-length rate-schedule where
target rates are allowed to vary but average to the original
target rates R,, u € U. This schedule is assumed to be
repeated periodically in time and only updated when chan-
nel conditions change. Although traffic variability cannot be
exploited by this strategy, it allows for energy reduction by
interference avoidance in the time domain in addition to that
in the frequency domain. While target-rate constraints are sup-
posedly chosen in accordance with a sevice-level agreement,
sum-power constraints as in (4b) are in fact fixed engineering
constraints. The periodic scheduling strategy can therefore not
be applied in conjunction with Problem (4).

We will index the DMT-symbols in the schedule of length
N by N ={1,..., N}. Furthermore, we denote the vector of
scheduling variables (i.e., rates assigned to symbols) by d =
[(@HT, ..., (d")7)T, where d* = [d>M), ..., d“(NT is the
vector of target-rates assigned by user u to all symbols n € N,
and d™ = [@(), ... dY(™]T. Similarly we may extend the
notation of power-allocations p to multiple symbols, e.g., by
den(ot)ing the PSD of user u on subcarrier ¢ and symbol n by
De’ ",

Using P*(d(™), the optimum objective value of (2), we
write the cross-layer problem of jointly performing DSM and
periodic scheduling as

K % 1(n)
P = minimize Z P*(d'"™) (10)
neN
where
D ={d|d € ZVV, Z d“™ =R, Yued}, (1)

neN
and we already separated the minimizations over the two types
of variables, d and p. Writing the optimum of (5) with target-
rates d(™) as D*(d(™), we define the partial dual problem
similarly as in Section II-B by
minimize Z D*(d™)

D% =
S
deD
neN

(12)

A. An Equivalent Formulation

By the following proposition we have equivalence of Prob-
lem (10) with a more common, coupled problem formulation,

- 2], [5],
C w,(n)
mmlpmlze Z Wy Z De (13a)
neN ,ueld ceC
subject to Y r¥(pe) > Ru,  Vuel, (I3b)
neN,ceC
p{" € Q., Veel, YneN. (13¢)

Proposition 1: Problems (10) and (13) are equivalent in the
sense that their optimal objective and solutions p* are equal.
Moreover, the equivalence persists if orthogonality constraints
in the form of (8) are added to both problems.

The proof is omitted here due to space limitations. However,
it is based on the equivalence in objective of both problems
as well as feasibility of an optimal power allocation to (13) in
(10) and vice versa.

B. Performance Bound

Our aim now is to bound the (weighted) energy savings
that are possible by periodic scheduling additionally to that of
optimal DSM. We first state our main result of this section.

Proposition 2: Assume feasibility of DSM Problem (2)
with target-rates R, optimal objective value P*(R) and
duality-gap ¢, then the minimum objective P§ of cross-layer
optimization Problem (10) is lower-bounded by

P; > N(P*(R)—(). (14)

Proof: First we see that Problem (12) after continuous
relaxation of the integer constraints is a convex optimization
problem as D*(d(")), n € N, is a convex function of the
scheduled rates d [11], and the non-negativity constraints on
d as well as the equality constraints in (11) are linear. Next
we note that the vector of optimal multipliers A* of Problem
(5) is a subgradient of D*(d(™), ¢f. Danskin’s theorem [11,
p- 737]. Hence, a subgradient g of the objective in (12) w.r.t.
d at average target-rates d”) = R,Vn € N, is given by
g = A* ® 1, where ® denotes the Kronecker product. By
definition of a subgradient [11, p.731] we have

> D'd™)> Y D'R)+(d-Re1) g
neN neN
Taking d € D we see that the second term in (15) vanishes
and we have Y., D*(d™) > Y . D*(R), Vd € D.

This means that d = R ® 1 is an optimal solution to (12).
Summarizing we have

15)

P§>min{ Y D*(d™)} =Y D*[R) (16)
dep neN neN
=N-(P*(R)—-¢), D

where the inequality follows from weak duality [10, Ch. 5]
between Problems (10) and (12), the first equality follows
from optimality of d = R®1 in (12), and the second equality
follows from (9). Another way to proof the proposition would
have been to use the convexity of D*(d(™), n € N, together
with arguments on the symmetry inherent in the scheduling
problem (10). This symmetry is based on the fact that the per-
frame subproblems (2) are identical and therefore exchange-
able. O

Differently stated we have that the additional energy savings
per DMT symbol due to periodic scheduling are bounded by
the duality-gap ¢ between the physical layer DSM Problem
(2) and its partial dual (5). As mentioned in the introduc-
tion section, physical layer OFDM problems were previously
enhanced by inclusion of per-carrier time-sharing [1], [5].
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Assuming discrete time-shares, another conclusion from this
section is therefore that the additional objective reduction per
OFDM symbol by time-sharing in the weighted sum-power
minimization problem is bounded by the duality-gap of the
physical layer OFDM problem.

IV. THE DUALITY-GAP IN DSM

In the previous section we have seen the dependence of the
performance bound for periodic scheduling on the physical
layer duality-gap of Problem (2). Therefore we devote this
section to investigate this issue more closely.

A. Illustrative Examples

The constraint sets of both, the primal and the dual problems
in (2) and (5), respectively, involve integer bit-loading con-
straints. These integer constraints naturally imply a non-zero
duality-gap for non-integer target-rates. As we excluded these
by assumption due to irrelevance in practice, we will now only
consider integer bit-loading solutions. In [1] curves of optimal
objective values along a line of target-rates were investigated.
The non-convexity of such a curve implies a strictly positive
duality-gap for certain target-rates. The reverse conclusion
does however not hold, c¢f. the geometric interpretation of dual
optimization in [11, Ch. 5]. In the following we will therefore
consider the dependency of the duality-gap on the target-rate.
In DSL systems duality-gaps occur for instance around target-
rates where users start to strictly load their bits on different
subcarriers, while at rates below these points at least one
subcarrier is still shared by both users. Differently, in weighted
sum-rate maximization and sum-power minimization problems
for OFDM systems these gaps may appear when, changing R
or P™¥ the subcarrier assignment to users changes at a primal
optimal solution [1].

Figure 1(a) depicts the duality-gap ¢ for any primal feasible
target-rates R in a scenario with symmetric interference and
C = 2 subcarriers.> Noteworthy, for feasible target-rates the
duality-gap in this example can be as much as 93% of the cor-
responding optimal primal objective. Also, higher gap values
seem to be located near to the boundary of the rate-region. An
exception occurs at approximately equal target-rates for both
users where orthogonal allocations are both, primal and dual
optimal. A similar intuition can be drawn from Figure 1(b)
where we depict the duality-gap in a system with orthogonality
constraints (8) and 64 subcarriers.® The maximum duality-
gap in this example amounts to approximately 3.2 % of the
corresponding optimal objective value, while it is negligible
in most parts of the feasible rate-region.

B. Bounds on the duality-gap
In [12] it has been shown that the duality-gap in nonconvex

problems is zero if the optimal primal solution as a function of

2The parameters were I' =19, = 107, N* = 10714 H¥ =

10744 # u, p¥ = 1072,Ve € C,Yu € U, w = [0.8, 02]T
3The parameters were P = 20,B% = {0,...,00},p% = 1,Vu €
U,ve € C,H/(TN}) = b5 H22/(FN2) = (c r1o )1 5 ,Ve €

C,w = [1/3 2/3]T and only one-dimensional signal constellatlons were
used for simulation complexity reasons, cf. also the similar setup in [1].
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Fig. 1. Duality-gap over target-rates R for Problem (2), a) in a scenario
with symmetric interference and C' = 2 subcarriers, b) in a scenario with
C' = 64 subcarriers, additional sum-power constraints (4b) and orthogonality
constraints (8), and using one-dimensional signal constellations only.

the Lagrange multipliers is continuous at all dual optima. This
condition implies the convexity of the optimal weighted sum-
power objective value in the target-rates. Due to this convexity
property it has been argued in [6] that the duality-gap in
multi-carrier systems vanishes as the number of subcarriers
approaches infinity, cf. also [7] and similar results in the
optimization literature [13, Sec. 5.6.1], [14]. Real DSL systems
however use no more than a few thousand subcarriers, and it
is up to now not clear what the gap is in this case, cf. the
simple examples above and also the simulation results in [1] on
the duality-gap in orthogonal frequency division multiplexing
systems with continuous bit-loading.

In [13, p. 371] the duality-gap of a general non-convex
optimization problem was bounded under several assumptions.
Based on this the following can be said about the duality-gap
of Problem (4).

Corollary 1 (of [13, Prop. 5.26]): The duality-gap ( be-
tween the optimal objectives of problems (4) and its partial
dual after relaxation of per-user sum-power constraints can be
upper-bounded by

(< gmax > wy max {7 ()} o (18)
|é\ - U+ 1’)} ceCueld

The result follows from the proof to [13, Prop. 5.26] and its
complete proof is hence omitted here due to space limitations.
Note that in (18) for ¢ € C,u € U, we take the maximum
feasible bit-loading for user u, implying that we can assume
' = 0,Vi € U\ u. Instead of summing over the (U + 1)
maximum values over subcarriers, we may also upper-bound
the gap by (U + 1) times the maximum value over all subcar-
riers, as done in [13, Prop. 5.26]. However, the assumptions
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Fig. 2. Schematic illustration of the discrete set of feasible objective value -
target-rate pairs X, the duality-gap ¢ according to the geometric interpretation
in [11, Ch. 5], and its bound in (19).

made in the proof of [13, Prop. 5.26] do not hold for Problem
(2), as integer bit-loadings and an interference channel are
considered. A modified proof allows to show the following
bound for the duality-gap of Problem (2), cf. Figure 2.
Proposition 3: The duality-gap ¢ between the optimal ob-
jectives of problems (2) and its dual (5) is upper-bounded by

¢ < D*(R) — D*(R), (19)

where D*(f{) is the optimal cost of a perturbed problem to
(5) with modified target-rates Re RY,

A AR,, if R, >0,
Ru= R, + ot 20)
0, otherwise,
where
AR, = max max 7, . 21
b {C | Ccc,|Cl=(U+1)} {chegc{ )}} 21

The proof is omitted here due to space limitations. It is
based on an application of the Shapley-Folkman theorem [13,
p. 374] to a feasible solution of a perturbed problem to (2)
with increased target-rates, and the boundedness of the set of
feasible per-carrier bit-loadings in (3).

Note once more that the right-hand-side in (20) may be
further upper-bounded using
AR, < (U+1) ma

LE,L

{7“ (Pe)}- (22)
Assuming the maximum number of bits loadable per subcarrier
we make the most conservative estimate of the rate-functions’
lack of convexity, cf [14]. Furthermore, the computation
of this bound necessitates to solve Problem (5) twice with
different target-rate vectors. Solving the dual problem only
once we may already apply the following relation known as
“weak duality” [10, Ch. 5]. For any primal and dual feasible
point of a not necessarily convex optimization problem it holds

that
Z Wy, Z De s

ueU ceC

q()\)<Lp)\ 23)

where ¢ (-) is the dual function as defined in (6) and p. €
Q.,Vc € C, due to the assumed feasibility. The first inequality
holds since p. is not necessarily the element in Q. minimizing
Le(+, A), and the last inequality holds due to primal and dual
feasibility of p and A, respectively. Hence a simple bound
computable even during the optimization process is given by

(TS ) - ald)

ueU

(24)

Note that this bound is less computationally complex com-
pared to (19) and additionally bounds the sub-optimality of
the primal objective after dual optimization.

Yet another bound is computable without optimizing dual
Problem (5) under feasibility assumptions only.

Proposition 4: Given target-rates R, assume that Problem
(2) is feasible under the modified target-rates R as defined in
(20). Then the duality-gap ¢ between the optimal objectives of
problems (2) and its dual Problem (5) can be upper-bounded
by

< . . u
¢s %2 AR, - max{Ap;}, (25)
where
Apy = max w,, (P2 — 26)
P { {pe,Pe} | Pc, Pe € Qe {Z } (

r(Be) = r(pe) + 1, uetd

ri(Be) = ri(pe),Vi € U\ u}

The proof is omitted here due to space limitations. However,
it is based on weak duality (23) and the application of
Proposition 3 for modified target-rates.

We emphasize that we kept the bound general by avoiding
to make any specific assumptions on optimal power allocations
to (5). While loosening the bound, this in fact maximizes the
set of target-rates R for which it is applicable. Furthermore,
we expect this bound to decrease with an increasing number
of subcarriers for a constant total bandwidth as it depends on
the maximum number of bits loadable per subcarrier in (21).

V. SIMULATIONS

In this section we will present simulation results for all
derived bounds in an upstream very high speed DSL (VDSL)
scenario using equal weights in the objective. The simulation
parameters were chosen according to the ETSI VDSL standard
[15], with an SNR-gap I' = 12.8dB, a flat spectral mask
constraint at —60 dBm/Hz, and two transmission bands as
defined in band plan 997-M1x-M. The background noise
comprised ETSI VDSL noise A added to a constant noise
floor at —140dBm/Hz. The first scenario is one where all
users ©u € U are collocated at 500m distance from the
deployment point. This case serves solely to investigate the
dependencies of the rough bound in (25) w.r.t. the number of
users and the subcarrier width, cf. Figure 3. As can be seen the
bound value increases with the number of users exponentially
and eventually exceeds the largest possible value given by
summation of the spectral mask constraints over all users and
subcarriers. However, as expected at the end of the previous
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Fig. 3. Value of bound (25) on the additional energy savings by periodic

scheduling over that by DSM for different numbers of subcarriers over a
constant bandwidth in a DSL scenario with users collocated at 500 m.
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Fig. 4. Comparison between the bound in (19) and the weak duality (WD)
bound in (24) on the additional energy savings by periodic scheduling in
Problem (10) per symbol in a distributed DSL scenario.

section, by decreasing the subcarrier width (increasing the
number of subcarriers for a constant bandwidth) the bound
values also become smaller.

Next we consider distributed DSL scenarios with U =
1,...,3 users, located at {500} m, {400,600} m, and
{300,500, 700} m distance from the deployment point, respec-
tively. Figure 4 compares the duality-gap bounds in (24) and
(19) using these 3 scenarios and showing the dependency on
the target-rates. We observe that both bounds become looser as
target-rates increase, indicating a certain “loss of convexity”.
Moreover, the theoretical bound in (19) turned out to be less
tight. Inequality (25) gives in these scenarios an upper-bound
of 0.07,1.43, and 3.37TmW for U = 1,...,3, respectively.
Note that these values are irrespective of the target-rates and
roughly up to a factor of 5 higher than the bound in (19)
from which this bound was derived. Based on the weak-
duality bound we see that for all but the highest feasible target-
rates the bound in (14) excludes substantial additional energy
savings on top of that obtained from DSM.

VI. CONCLUSIONS

We studied the problem of joint dynamic spectrum manage-
ment (DSM) and periodic rate-scheduling in time for multi-
carrier systems. The additional possible energy reduction by
the latter was found to be bounded by the duality-gap of

the physical layer DSM problem. Furthermore, we presented
bounds on this duality-gap for a finite number of subcarriers
which differ in their computational complexity and require-
ments in model parameters. The most general bound solely
assumes feasibility of increased target-rates and gets along
without a dual optimization process. Furthermore, it already
hints at a decrease of this bound with an increasing number of
subcarriers when the total bandwidth is kept fixed. Simulation
results confirm this expectation and further show for all but the
highest feasible target-rates that the energy savings by periodic
rate-scheduling additional to that of DSM are negligible in
DSL.
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